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ABSTRACT 

Two types of self-contained navigation schemes a re  con- 
trasted for the case of an unmanned spacecraft launched from 
Earth and established in a free-fall solar orbit destined to con- 
tact either Venus or Mars .  A statistical study of the navigation 
e r ro r s  and velocity corrections is made for several different 
trajectories using a three-dimensional model of the Solar Sys- 

tem. It is shown that i f  a certain degree of flexibility is per- 
mitted in the arrival time at the destination planet, both the 
position accuracy and total velocity correction required can be 
improved by as much as a factor of two. 
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A COMPARISON OF FIXED AND VARIABLE TIME 
OF ARRIVAL NAVIGATION FOR INTERPLANETARY FLIGHT 

by Richard H. Battin 

1. Introduction 

As the scope of interplanetary ventures broadens, the need 
for self-sufficiency in spacecraft operations will become apparent. 
Self- contained navigation systems operating without radiation con- 
tact with the Earth wil l  provide the only answer to the problem of 
spacecraft guidance for all but the most elementary kind of mis- 
sions. 

A general scheme for self- contained interplanetary navi- 
The process involves gation has been described in Reference 2. 

a sequence of velocity corrections at a number of preselected 
check-points based on deviations in position from a planned tra- 
jectory. 
measurements of angles between lines of sight to  various celes- 
tial objects and of the apparent angular diameters of planets. 
translation of positional errors into required velocity corrections 
is made by the spacecraft computer. 

Position determination is made by on-board optical 

The 

Then, in turn, the micro- 
rocket propulsion system alters the velocity of the vehicle under 
direct control of the computer. 

A somewhat different navigation theory will be described 
in this paper and the effectiveness of the two schemes will  be con- 
trasted. In the new approach the primary objective will be that 
of minimizing the fuel consumption of the micro- rocket system 
without degrading the overall accuracy of the mission. The re- 
duction in fuel requirements is accomplished by permitting the 
time of contact with the target planet to be a variable chosen in 
such a way that the velocity correction at any check-point will 

have the smallest possible magnitude. Just as  in the fixed-time- 



of-arrival navigation scheme, the spaceship is controlled in the 
vicinity of a reference interplanetary trajectory. 
propulsion stages of the booster rocket a r e  completed, the vehicle 
proceeds in a solar orbit with an inaccuracy in the initial velocity 
attributable to  injection guidance e r ro r s .  At each of a number of 
check-points during the flight , positional deviations from the 
precomputed reference trajectory are determined from celestial 
observations. From these data velocity corrections a re  com- 
puted. By allowing a certain degree of flexibility in the exact 
time of arrival at the destination planet, only a fraction of the 
velocity correction needed to direct the vehicle toward the refer- 
ence arrival point need be applied. 

When the main 

The objective here is first  to  derive an expression for the 
appropriate velocity correction in terms of positional deviations 
from a reference path which is suitable for use by the spaceship. 
Following this , explicit expressions for the velocity corrections 
in terms of both the measurement and accelerometer e r ro r s  a re  
determined. Then, for the purpose of an e r r o r  analysis of guid- 
ance accuracy, the final position and velocity e r ro r s  a r e  related 
to the measurement and accelerometer e r rors .  

After the theoretical development a statistical study of the 
navigation e r ro r s  and the micro- rocket fuel requirements is made, 
using a three-dimensional model of the Solar System. 
analysis several different trajectories a r e  subjected to  a system- 
atic study to  determine the relationship between the total required 
velocity corrections and the navigational accuracy. 

For this 

2. The Fundamental Navigation Equation 

Let r (t) and - vs (t) denote the position and velocity vectors 
'S 

of the spaceship in an inertial coordinate system with origin at 
the Sun, and let g(zs , t )  denote the gravitational acceleration at 
position r and time t .  Then 

'S 
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d r  --s 

a re  the basic equations of motion of the spaceship except for those 
brief periods during whidh propulsion is applied. 

Let the vectors z0 (t) and v (t) represent the position and 
-0 

velocity at time t associated with the prescribed reference t ra -  
jectory, and define 

Then, the deviations 62 and 6y may be approximately related 
by means of the linearized differential equations: 

where Ro (zoj t) is a matrix whose elements are the partial de- 
rivatives of the components of g(roj - t) with respect to the com- 
ponents of r 

' 0 '  

A particularly useful fundamental set  of solutions of Eq 
Let TL and TA be, (3) may be developed in the following way. 

respectively, the time of launch and the time of arrival at the 
destination planet. 
V (t) as the solutions of the matrix differential equations 

* 
Then, define the matrices R(t), R (t), V(t), * 

dV -= RoR, dt 
d V * = R o R  * , ar 

which satisfy the initial conditions 

(4) 

3 



Here 0 and I denote, respectively, the zero and identity matrix, 
If we now write 

where 2 and s* a re  arbitrary constant vectors, it follows that 
these expressions satisfy the perturbation differential equations, 
Eq (31, and contain precisely the required number of unspecified 
constants to  meet any valid set  of initial o r  boundary conditions. 

Assume that measured positional deviations 6‘;r - - n-- 1 and 
6 7  f rom corresponding reference values are available at the 
times Tn - and T of two successive fixes. 
written twice with Tn - and Tn substituted for t .  
set  for - c and - c* and substituting these values into Eq (7), we 
have t 

-n 
Then Eq (6) may be n 

Solving this 

N- * * 
6,vn I= (Bn +Bn) 6Fn + (rn + r ) 6iY n -nq-lJ 

where we have used the notation Rn R(Tn), etc. and defined, 
for convenience the matrices 

%k I L . 1  r n = c,(A,-A;,? , B ~  =-r n A’*& n ’  

* *  * 
with similar definitions for An, Cn, I?*& ,n, Bn obtained from Eq 
(9) by replacing all starred matrices by the corresponding un- 
starred ones and conversely. 

Eq (8) provides a means of estimating the spaceship 
velocity at time Tn from positional information at times Tn and 

The superscripts - and + a r e  used to  distinguish the velocity just 
prior to a correction from the velocity immediately following the 
correction. 

t 
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For fixed-time- of-arrival navigation there must be added 
Tn-1. cy 
to this velocity a calculated velocity increment An to arrive at 
the point r If the spaceship arrives at the 
reference point from its present position, there will be a velocity 
deviation bT(TA) upon arrival which is related to  6? by 

(TA) at the time TA. 
-0 

-n - 

The corresponding velocity deviation at time Tn, 

is precisely that which must be established at time Tn. Hence, 
the fixed-time- of-arrival required velocity correction is given by 

where the matrices Hn and Pn are defined by 

(11) 
* * 8 

H = Cn *- (Bn + Bn), pn = rn + rn . n 

In order to  calculate the variable-time-of-arrival required 
velokity correction, let u s  consider the effect of changing the a r -  
rival time TA by a small amount 6T. Let r (t) and v (t) be, re'- 
spectively, the position and velocity vectors of the target planet. 
Then the new point of contact will be r (T 
therewith will be a somewhat different reference path. 

L 
be the vector change in launch velocity from the old reference trz- 
jectory which is needed to establish the spaceship in the new refer- 
ence path. 
time TA the spaceship position will be 

'P 'P 

+ 6T), and associated 
Let byo(T 

'P A 

From the definition of the R matrix, it follows that at 

At a time 6T later the spaceship position will be 

5 



-0 r (TA) + 

and the corresponding 

RA610(TL) + _ v ~ ( T ~ ) ~ T ,  

planet position wil l  be 

Assuming contact to be made at time TA + bT, these positions a re  
the same and we may solve for d,vo(TL) to obtain 

where 

is the velocity of the spaceship relative to  the planet at the nominal 
arrival time TA. 

Now at the nth check point, the vector differences in posi- 
tion 6,ro(Tn) and velocity b,vo(Tn) between the old and new reference 
trajectories a r e  simply 

Hence, from Eq (12) 

dv -0 (Tn) = I- V n R 2  yR(TA) bT. (15) 

Let the measured deviation in position from the old reference path 
be 6xn, while 
reference path. Then 

AI 
is the corresponding deviation from the new 

6 



With similar definitions for velocity deviations, we have 

By following the same arguments which led to Eq (lo), we find 
that the velocity correction % I n  (dT) to reach the new point of con- 
tact is 

- 

Using Eq (16), (17), (141, (15), and (lo), w e  may wr i t e  this in the 
form 

where, for convenience, we have defined the vector Y by -n 

and the matrixAn by 

* An = V  n - Cn Rn. (21) 

With the object of picking dT so as to minimize the magnitude of 
P, (6T), clearly the best choice is that which wil l  render SL(6T) 
N1 

normal to zn. Calling 
I1 u 

this  value dTA , we have, from Eq (19), 

N 

d F A  = 

As a consequence, the 

(22) 

@l 
veloeity correction bn of smallest magni- 

(u 
A A  

tude which will  accomplish the mission is simply related to An 
by 

Ul rr, 

b n = M  A .  n -n (23) 

7 



t The matrix Mn is defined by 

and is a projection ‘operator 

3 .  Analysis of the Velocity Correction 

In order to provide a basis for the selection of check-points, 
we wil l  derive a relationship which wil l  show explicitly how the vel- 
ocity correction at time Tn is related to the initial velocity errors 
at launch, the e r r o r s  associated with the positional fix, and the 
e r r o r s  in establishing the desired velocity corrections at the pre- 
vious check-points, For  this purpose 
spectively, the actual velocity applied 
made in the application of the desired 

= A +zn. d l  1 

4 n  -n 

let z i  and q denote, re- -n 
at time Tn and the e r r o r  
correction gk . Thus 

(25)  

Similarly, w e  define .s, and an, respectively, a s  the vector differ- 
ence between the inferred and actual position and velocity deviations 
at time Tn, i. e .  , 

ry 

6,rn = 6 r  + E  -n -n’ (26)  

Therefore, it follows from Eq (25) and (10) that 

However, from Eq (8) and (26) w e  have 

Thus, Eq (27) may be written as 

The superscript T on a matrix is used to denote the matrix 
transpose. 

t 



* 
It now remains to express Cn 6~; 61; in te rms  of the e r r o r  vec- 
tors at the present and previous check-point s. 

To this end we  note that at time T i  we have 

8 
which is obtained by premultiplying Eq (6) by Cn and subtracting 
Eq (7) with t = Ti. The constant vector E is determined from 
Eq (6) and (7) with t = Tn - 8 We find 

Noting that 

we have 

Eq (31) may be used as a recursion formula so that by succes- 
sive applications we have 

n-1 

k=O 

if we define 

as the e r r o r  in the initial launch velocity. 
comes 

Thus, Eq (29) be- 

9 



n-1 

and & is expressed recursively in te rms  of all previous measure- 
ment and accelerometer e r r o r s .  

I 
In order to express An directly in te rms  of the e r ro r s ,  let 

u s  consider the following. 

Lemma: If a sequence of vectors go, gl, . . . , a is defined by -n 

10 

n-1 - 
(34) 

where bo, . . . , kn;+l , . .  . , qn; and Slo,.. . , Qn-l are  arbitrary 

sequences of vectors and matrices, then 

Proof: If we define 

then we have 

1L/ 
k=O j=n-1 

n-1 - 
k=O 

(35) 

(36) 



and it is sufficient to show that 

k +l 

For  this purpose we note that, from the definitions of -4, and s n ,  
we have 

as a difference equation for cJn. 
ter to verify that cln, as given by Eq (37), is the solution. 
n = 2, Eq (37) yields 

Furthermore, it is a simple mat- 
For  

d = st + ( I  +a1 +1) Qobo -2 1 1 

which is clearly the same as that obtained from Eq (36), using 
the definitions of go and al. Hence, the lemma is proved. 

We may apply the lemma to the problem at hand by making 
the following identifications : 

Then if we define 
/ I  f o r k = n - 1  

k+l 
Xk, n= J 

(I -AT1 MA) for k 5 n - 2 
J J J  

j =n-1 

11 



we may use Eq (35 to wri te  Eq (33)  in the form 

-n A' = Mn (Hnsn  - Pnsn-l  ) - a n  

n- 1 

In the summation indicated in Eq (39), all terms for 
k - < n - 2 have as a factor 

Using Eq (20) and (24),  this factor may be written as 

M A A-1 v vT A / v  * v  
n n n-1-n-1-n-1 n-1 -n-1 -n-1 

T-ln T -'v (T )VT(T )R - -1 
-MnAnAn-lhn-PA -R A -R A A n-lAn-l 'ln-l 'zn-l 

Now, since M is a projection operator it follows that n 

L 

\ 

/ 

M (I - Mn) = 0. n 

\ '  



Hence, all terms in Eq (39) for k < n - 2 a r e  identically zero, 
and we may write 

A' = M H E: - (M P + M ~ A ~ A ; ~ _ ~  M ~ - ~  H n-l )E: en-l -n n n-n n n  

+ M  n A n A-1 n-1 Mn-l P n-1%-2 - q  -n + M A A - l  n n n-1 -n-1' r~ (40) 

This relationship expresses explicitly the velocity impulse ac- 
tually applied at time Tn in terms of present and previous mea- 
surement e r ro r s  as  well as e r ro r s  in controlling the applied vel- 
ocity. It is interesting to  note that the corresponding expression 
for fixed-time-of- arrival navigation is obtained from Eq (40) 

by replacing the mat&ices Mn and Mn - by the identity matrix. 

4. Navigation Er ro r  Analysis 

The effects of an initial velocity e r ror ,  together with im- 
perfect velocity corrections applied at the various check-points, 
will be: (1) a velocity deviation from the reference value at the 
destination planet; (2) a positional e r r o r  or miss  distance; and 
(3) a change from the scheduled arrival time. 
statistical analysis of guidance accuracy, we shall now develop 
appropriate expressions for each of these quantities in terms of 
the various measurement and accelerometer e r rors .  

For  use in the 

a) Velocitv Deviation 

We write Eq ( 6 )  and (7)  for t = Tn with 6r(Tn) - = 0 and 
6v(Tn) c = 4; , and solve for c, and c* to  obtain 

Then, if b,vn(TA) is the velocity deviation at time TA due to the 
velocity impulse at time Tn, it follows from Eq (7)  that 

13 



(Note that V*(TA) is the identity matrix. ) Now assuming N check- 
points the total effect, obtained by superposition, is expressible 
as 

1 
where Qo is the initial velocity e r ro r  at launch. 
Eq (401, dx(TA) may be expressed in terms of the e r ro r s  - E 
and q. 

By means of 

- 
b) Positional Er ror  

In order to determine the positional deviation at the time 
of arrival, we use Eq (6) and (30) in the form 

1 .I. -1 
6r(TA) - = RAAN ( d y i  - C& d r  -N + 4,) 

Then by substituting from Eq (32) with n = N, we obtain 

N 

k= 0 

Only the component of dy(T ) perpendicular to  the direction A 
of relative motion between the vehicle and the target planet is of 
interest in determining the actual miss distance. 
ponent along the direction of motion is more nearly responsible 
for an e r ro r  in the scheduled arrival time. Denoting the actual 
miss distance vector by d r  

The other com- 

we have -aJ 

where the matrix Ma is a $roject$on operator 



It would seem at first that the miss  distance at the target 
planet is a function of measurement and velocity correction e r ro r s  
at all of the previous check-points. 
Eq (431, the positional deviation from the reference arrival 
point does depend on all past e r ro r s ;  but only the measurement 
e r ro r s  at the last two check-points, together with the last accel- 
erometer e r ro r ,  affect the component b r  . -a 
Eq (33) with n = N to  write Eq (43) in the form 

Indeed, as can be seen from 

For the proof we use 

N- 1 

k=O 

When we apply the projectiorioperatbr Ma to this vector, the 

For  if  we use the definitions (20) and (24), we 
coefficient of the indicated summation can be shown to vanish 
identically. 
have 

and from the definition (45) of Ma it follows that 

M (I - Ma) = O  a 

Thus, the appropriate expression for the miss  distance at the tar-  
get planet is simply 

15 



c) Change in the Scheduled Time of Arrival 

From Eq (22)  it is seen that at each check-point the op- 
timum difference in arrival time from the nominal value TA de- 
pends on the velocity correction A -n which would be required to 
carry the vehicle to the nominal point of arrival r (T 2. If, at 
each of the previous check-points, the corrections have been of 
the variable time of arrival type, then zn will be a function of 
all previous measurement and velocity correction errors .  
precise relationship is obtained as  follows. 

N 

-P A 

The 

From Eq (10) and (26) we have 

and substituting from Eq (32)  gives 

where & is expressed in terms of the v E'S and - q ' s  according to 

Eq (40). 
time is obtained from Eq (22)  with n = N. 

The final indicated change in the scheduled-arkhAl 
We find 

5 .  Numerical Results and Conclusions 

Four trajectories were selected for use as samples in 

These trajectories ,which were determined using the 
analyzing the fixed and variable-time-of-arrival navigation 
schemes. 
methods described in Reference 1, a r e  illustrated in Fig. 1 through 
4 and their basic characteristics a r e  summarized in  Table 1. 

16 



Each of these trajectories is attainable from a circular coasting 
orbit from Canaveral. 
from Canaveral together with the latitude and longitude on the 
Earth's surface at which injection into orbit is to occur. The 
illustrations show the orbits of the spacecraft and the planets 
Venus, Earth, and Mars. The paths a r e  shown as solid lines 
when the orbital plane is above the plane of the ecliptic and broken 
lines when below. 
with the corresponding dates. 
craft and the planets is shown for one instant of time during mid- 
course on the date indicated in the figures. 
used to show the position of the Earth at the time of contact with 
the target planet. 

In the table is grven the launch azimuth 

The launch and arrival positions a re  marked 
The configuration of the space- 

A shaded circle is 

The method of analysis closely parallels the approach 
taken in Reference 2 and is entirely statistical in nature. 
number of check-points is postulated at which positional devi- 
ations from the reference path are determined from celestial 
observations of the type described in REference 2. 

A 

For our present study, in order to increase the attain- 
able accuracy in the determination of spacecraft position, the 
number of admissible celestial objects was enlarged and the 
strategies by which pairs of them could be selected were gen- 
eralized. The Moon was added to the collection of observable 
objects within the Solar System and the number of available s t a r s  
was increased to  ten. In order of brightness those chosen a r e  as 
follows : 

Magnitude Magnitude 

Sirius -1.58 A r cturus 0.  24 
Canopus -0. 8 6  Rigel 0.  34 
Alpha Centauri 0. 06 Procyon 0. 48 
Vega 0. 14 Achernar - 0. 60 
Capella 0 .21  Beta Centauri 0. 8 6  

17 



At each instant of time along the sample trajectories 
various combinations of celestial measurements were considered 
in an effort to  reduce the uncertainty in spacecraft position. The 
standard deviation of the measurement e r ro r s  was assumed to be 
0.  05 milliradians or  10. 3 seconds of a r c  and the clock was assumed 
to drift at a constant rms  rate of one part in 100,000. 
obtained rms  position and time e r ro r s  as a function of time from 
launch are presented in  Tables 2 through 5. 

The best 

t 

In order to test the concept of variable-time-of-arrival 
navigation, a number of complete statistical simulations were 
made using different combinations of times for velocity conrec- 
tions, The postulated guidance e r ro r s  w e r e  

(1) an RMS injection velocity e r r o r  of 40 feet per second 
and 

(2)  an RMS e r ro r  in applying any desired velocity cor- 
rection of 1%. 

The injection velocity e r ro r  corresponds to burn-out of the main 
propulsion. Therefore, it is necessary to  apply a magnification 
factor of [1 -t (vest / v&)' ] to the mean-squared injection velocity 
e r r o r  to obtain the mean-squared velocity e r ro r  after escape. 
Here veSc and vR are, respectively, the escape velocity and the 
excess hyperbolic velocity of the spacecraft. 

For the clock e r ro r  it was assumed that between the times 
of two consecutive fixes the clock is drifting at a constant rate, 
where the rate is random, and statistically independent of any 
previous drift, 

In each of the navigation simulations four separate fixes 
and associated velocity corrections were made. 
selected as check-points were chosen in the following way for 

The times 

The notation NO 2ND PLANET in the Tables indicates that the 
line-of-sight to only one planet was  more than 15 degrees away 
from the Sun-line. Thus, a fix strategy involving more than 
one planet is not possible if  15 degrees is used as the threshold 
of visibility. 

t 
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each trajectory. From the possible times b€ fix, as listed in 
Tables 2 through 5, four subsets of times were picked. Then 
the fix times for each navigation run were selected, one from 
each group, by a random choice. 

The result of each run is represented by a point in the 
Fig. 5 through 8 where the final position e r ro r  in miles has 
been plotted against total velocity correction in feet per second. 
The envelope of these points is shown in the figures and may be 
used as one of the principle criteria._ in planning a mission. 
This curve expresses the ultimate precision attainable for the 
trajectory as far  as  optimizing the miss distance with respect 
to total velocity correction. 
gation run lying along the envelope curve is presented in Tables 
6 through 9. 

The detailed history of each navi- 

Mars trajectory I is superior to I1 with respect to  navi- 
gation accuracy. 
fact that the velocity relative to  Mars at arrival is much less €or 
I than for 11. 
I11 is compared with IV. 

One can perhaps correlate this result with the 

The same thesis is borne out when Venus trajectory 

The distribution of points in Fig. 7 for Venus trajectory 
I11 is so widely scattered that it is impossible to recognize any 
envelope curve from the available data. 

As a result  of this study the conclusions a r e  immediate. 
For either navigation scheme it is clear that, in general, position 
accuracy can be improved only at the expense of extra fuel. Fur- 
thermore, the superiority of the variable-time-of-arrival navi- 
gation scheme is more than two-fold with regard to  both position 
accuracy and total velocity correction required. For a one-way 
planetary mission, its advantages seem far to over-balance any 
potential difficulties which could result from an uncertainty in 

the exact time of rendezvous with the destination planet. 
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C E L E S T I A L  FIX P O S I T I O N  AND T I M E  ERRORS 

MARS T R A J E C T O R Y  NOV.5~1964 

V = 9968 F T / S E C  V = 9135 F T / S E C  
RE 

T I M E  RMS RMS 
IN POS. T I M E  

Y E A R S  ERROR ERROR 
M I L E S  HOURS 

0.001 10 0.0000 
0.002 14 000002 
0.003 . 20  0.0003 
0.004 28 000004 
00005 39 0.0004 

0.006 5 1  0.00005 
0.007 67 OoOOO6 
0.008 87 O o O O O 7  
0.009 112 0.0008 
0.010 143 0.0009 

0.025 1292 000022 
0.050 2430 0.0044 
0.075 2899 0 0 0 0 6 6  
00100 3453 000088 
0.125 4026 0.0109 

0.150 3757 0.0129 
04175 6414 000151 
0.200 5049 000170 
0.225 7644 0.0200 
0.250 NO 2 N D  PLANET 

0.275 NO 2 N D  PLANET 
0.300 2400 0.0254 
0.325 2339 0.0274 
0.350 2382 0.0295 
0.375 2486 0.0316 

0.400 2633 0.0338 

RM 

T I M E  
I N  

Y E A R S  

0.425 
0.450 
0.475 
0.500 
0.525 

0.550 
0.575 
0.600 
00625 
0.650 

00675 
0.700 
0.725 
0.750 
0.775 

0.800 
0.825 
O 840 
00841 
00842 

00843 
0 0 844 
0.845 
00846 
0 0 847 

0 0 848 

RMS RMS 
POS. TIME 
E R R O R  ERROR 
M I L E S  HOURS 

2926 0.0359 
3267 0.0380 
3742 000401 
4233 000419 
4950 000436 

5802 000452 
6689 0.0464 
6796 000500 
6812 000520 
6733 0.0543 

5854 000586 
5081 000.594 
4396 000589 
3885 0.0571 
3612 0.0545 

6137 000670 
6049 0.0689 
2890 0.0617 
2 4 2 2  0.0607 
1964 0 0 0 6 0 0  

1537 000594 
1155 0 0 0 5 9 0  
837 000588 
596 0.0587 
444 0.0587 

379 000586 

T A B L E  2 
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C E L E S T I A L  F I X  P O S I T I O N  AND T I M E  ERRORS 

T I Y E  
I N  

YEARS 

0.001 
0.002 
0.003 
0 004 
0.005 

0 b 0'06 
0.007 
0.008 
0.009 
0 010 

0.025 
0.050 
0.075 
0.100 
0.125 

0.  150 
0. 175 
0.200 
0.225 

M A R S  T R A J E C T O R Y  NOV.2491964 

V = 1 3 5 2 6  FT/SEC V = 2 5 2 6 1  F T / S E C  
RE RM 

RMS RMS 

ERROR ERROR 
M I L E S  HOURS 

POS. T I M E  

10 0.0001 
9 0.0002 

11 0.0003 
2 1  0.0004 
49  0.0004 

1 1 9  0.0005 
318 0.0006 
564  0.0007 
450 0.0008 
376 0.0009 

7 6 4  0.0022 
3407 0.0044 
3289 0.0066 
3 4 3 4  0.0087 
4899 0.0109 

T I M E  
I N  

Y E A R S  

0.250 
0.275 
0.300 
0.325 
0.350 

0.375 
0.400 
0.425 
0.450 
0.475 

0.490 
0.491 
0.492 
0.493 
0 494 

RMS RMS 
POS. T I M E  
ERROR ERROR 
MILES HOURS 

NO 2ND P L A N E T  
2 7 1 9  0.0234 
2 6 3 4  0.0255 
2 7 9 9  0.0277 
2 9 9 9  0.0298 

3 3 2 6  0.0320 
3772 0 1 0 3 4 1  
4 3 7 3  0.0365 
5107 0.0382 
6 0 1 9  0.0400 

6 5 1 7  0.0420 
6 4 6 3  0 '00421 
6 3 4 5  0 ,0421 
6 1 1 2  0.0422 
5 6 7 9  0.0423 

6800 0.0130 0.495 4 9 3 1  040423 
6 1 3 8  0.0149 0.496 3808 0.0424 
8097 0.0174 0.497 2 4 7 5  0 0 4 2 4 8  
NO 2ND P L A N E T  0.498 1 3 1 8  010408 

T A B L E  3 
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C E L E S T I A L  F I X  P O S I T I O N  AND T I M E  ERRORS 

VENUS TRAJECTORY A P R I L  19,1964 

V = 9688 F T / S E C  V = 18357 FTISEC 
R E  

T I M E  RMS RMS 

YEARS ERROR ERROR 
M I L E S  HOURS 

I N  POS. T I M E  

0.001 19 0.0001 
0.002 10 0.0002 
0.003 9 0.0003 
0 004 12 0.0004 
0.005 17 0.0004 

0.006 24 0.0005 
O 007 33 000006 
0.008 44 OoOOO7 
0.009 55 OoOOO8 
0.010 68 OoOOO9 

0.025 604 000022 
0.050 1990 0.0044 
0.075 4337 000066 
00100 5531 0.0088 
0.125 7301 0.0109 

0.150 12768 0.0131 
0.175 21517 000149 
00200 2272 0.0170 

RV 

T I M E  RMS RMS 
I N  POS. T I M E  

YEARS ERROR ERROR 
M I L E S  HOURS 

0.225 1870 0.0190 
0.250 1765 0.0208 
0.275 1793 0.0224 
0.300 1865 0.0238 
00325 1962 0.0249 

0.350 3650 0.0285 
0.375 2939 000259 
0.400 2354 0.0277 
0.425 2143 000239 
0.440 2657 0.0329 

0.441 2902 0.0329 
0.442 2856 0.0330 
0.443 2729 0.0330 
0.444 2466 000328 
0.445 2103 0.0325 

0.446 1607 0.0321 
0.447 1090 0.0317 
0.448 668 000300 

TABLE 4 
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C E L E S T I A L  F I X  P O S I T I O N  AND T I M E  ERRORS 

VENUS TRAJECTORY APRIL 19,1964 

V = 14206 F T / S E C  V = 13339 FT/SEC 
RE 

T I M E  RMS RMS 
I N  POS. T I M E  

YEARS ERROR ERROR 
M I L E S  HOURS 

0.001 10 0.0001 
00002 14 000002 
0.003 22 000003 
00004 34 0.0004 
0.005 49 0.0004 

0 006 68 000005 
0 007 91 000006 
0 0 0 0 8  116 0.0007 
0.009 145 000008 
0.010 177 0.0009 

0.025 1675 000022 
0.050 3817 000044 
0.075 1983 000066 
00100 1545 000087 
0.125 1277 0.0109 

R V  

T I M E  RMS RMS 
I N  POS. T I M E  

YEARS ERROR ERROR 
M I L E S  HOURS 

0.150 1100 000129 
00175 1026 000150 
00200 1053 0.0170 
0.225 1343 000188 
0.250 1875 000203 

0.275 2596 000219 
0.290 2440 0.0241 
0.291 2266 000241 
0.292 2030 000241 
0.293 1733 000241 

TABLE 5 

0.294 1389 000240 
0.295 1032 000240 
0.296 701 0.0239 
0.297 439 000240 
0.298 277 000241 
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MARS TRAJECTORY NOV.591964 

V = 9968 F T / S E C  
R E  

V A R I A B L E  T I M E  OF 
A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  
O F  V E L  V E L  POS 
F I X  CORR ERROR ERROR 

0.001 
0.425 
0.775 
0.844 
TOTAL= 

0.004 
0.375 
0.775 
0.845 
T O T A L =  

0.002 
0.375 
0.775 
0 846 
T O T A L =  

0.006 
0.400 
0.775 
0.847 
T O T A L =  

0.005 
0.325 
0.775 
0.848 
TOTAL= 

126 
4 

14 
23 
167 2 3 9  

127 
2 

11 
3 1  

172 240 

126 
2 

11 
39 

179  2 4 1  

129  
3 

13 
50  

195 243 

128 
2 
13 
85 

228 2 5 3  

41  

33 
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1 9  

14 

V = 9135 FT/SEC 
RM 

F I X E D  T I M E  OF 
A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  
OF V E L  V E L  POS 
F I X  CORR ERROR ERROR 

0.004 
0.300 
0.775 
04843 
TOTAL= 

0.002 
0.400 
0.775 
0 8 4 4  
TOTAL= 

00005 
0.300 
0.775 
0 8 4 4  
TOTAL= 

0.004 
0.375 
0.775 
0.845 
T O T A L =  

01002 
0.375 
0.775 
0.846 
T O T A L =  

0.006 
0.400 
0.775 
0.847 
T O T A L =  

0 0 0 0 5  
Oa325 
01775 
0 0  848 
T O T A L =  

156  
7 

42  
117 
322 1 1 3  

155 
9 

30 
135 
328 127 

157 
7 

4 2  
1 3 2  
337 1 2 7  

156  
8 

28  
157 
349 1 4 9  

155 
8 

2 8  
1 9 5  
385 1 8 6  

157 
1 0  
30  

263 
460 2 5 4  

157  
7 

35 
40 1 
600 392 

6 1  

55 

5 4  

49 

4 4  

40  

36 

T A B L E  6 
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M A R S  T R A J E C T O R Y  NOV.2491964 

V z . 1 3 5 2 6  F T / S E C  
RE 

V A R I A B L E  T I M E  O F  
A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  
OF V E L  V E L  POS 
F I X  CORR ERROR ERROR 

0 e 003 
0.025 
0.400 
0 494 
T O T A L =  

0.001 
0.025 
0.350 
0.494 
T O T A L =  

0 e 004 
0.025 
0.400 
0.495 
T O T A L =  

0,002 
0.025 
0.400 
0 0 4 9 6  
T O T A L =  

0.001 
0.025 
0.425 
0 497 
T O T A L =  

0 e 004 
0.025 
0.425 
0.498 
T O T A L =  

95 
5 

37 
3 4  
170 1 3 2  

95 
5 

2 4  
54 
177 1 3 5  

95 
5 

39 
40 

1 7 9  1 3 4  

95 
5 

36 
50 

185 1 3 6  

95 
5 

45 
5 1  

196 1 3 9  

95 
5 

51 
7 5  

226 1 5 2  

93 

9 1  

7 7  

6 1  

46  

39 

V = 2 5 2 6 1  F T / S E C  
RM 

F I X E D  T I M E  O F  
A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  
O F  V E L  V E L  POS 
F I X  CORR ERROR ERROR 

0.001 
0.025 
0.350 
0.494 
T O T A L =  

01001 
0.100 
0.350 
0.495 
T O T A L =  

0.002 
01025 
0 0 4 0 0  
0.496 
T O T A L =  

0.001 
0.025 
0.425 
0.497 
T O T A L =  

0.003 
0.075 
0.400 
0.498 
T O T A L =  

1 1 6  
6 

38 
2 3 1  
3 9 1  227  

1 1 6  
9 

4 3  
276 
444 268 

1 1 6  
6 

6 1  
298 
4 8 1  292 

116 
6 

7 8  
3 7 4  
5 7 4  365 

1 1 6  
9 

8 2  
5 2 0  
727 507 

1 1 2  

100 

8 4  

72 

6 4  

T A B L E  7 
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VENUS TRAJECTORY A P R I L  1 9 ~ 1 9 6 4  

V = 9608 FT/SEC V = 10357 F T / S E C  
R E- R V  

V A R I A B L E  T I M E  OF F I X E D  T I M E  OF 
A R R I V A L  N A V I G A T I O N  A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  T I M E  RMS F I N A L  F I N A L  
O F  V E L  V E L  POS OF VEL V E L  PO5 
F I X  CORR ERROR ERROR F I X  CORR ERROR ERROR 

00006 131  0.006 161 
0.225 5 0.225 7 
,00400 2 2  0.400 26 
0.443 28 00443 98 
T O T A L =  186 125 117 TOTAL= 292 92 122 

00002 129 0.002 159 
0.200 6 0.200 8 
0.400 38 0.400 44 
0.441 57 0.44-7 140 
T O T A L =  2 3 1  137 44 TOTAL= 350 133 49 

TABLE 8 
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V E N U S  T R A J E C T O R Y  A P R I L  1991964 

V = 1 4 2 0 6  F T / S E C  
R E  

V A R I A B L E  T I M E  OF 
A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  
OF V E L  V E L  POS 
F I X  CORR ERROR ERROR 

0.003 
0.175 
0.250 
0.293 
T O T A L =  

0.002 
0.150 
0.250 
0.294 
T O T A L =  

O I O O l  
0.150 
0.250 
0.295 
T O T A L =  

0.005 
0.125 
0.250 
0.296 
T O T A L =  

0.006 
0.150 
0.250 
0.297 
T O T A L =  

0 6 0 0 3  
0 . 0 7 5  
0 6 2 5 0  
0 . 2 9 8  
T O T A L =  

9 2  
5 
7 

2 4  
128 1 1 6  

9 2  
4 
9 

28 
1 3 3  117 

91  
5 
9 

3 4  
139 1 1 8  

9 3  
5 

1 4  
42 

1 5 4  1 2 0  

9 3  
6 
9 

56 
164 1 2 5  

9 2  
8 

37 
90 

227 1 3 9  

6 3  

5 1  

41 

3 5  

26 

18 

V = 13339 F T / S E C  
R V  

F I X E D  T I M E  OF 
A R R I V A L  N A V I G A T I O N  

T I M E  RMS F I N A L  F I N A L  
OF V E L  V E L  POS 
F I X  CORR ERROR ERROR 

0.004 
0.100 
0.225 
0.294 
T O T A L =  

0.004 
0.125 
0.250 
0.295 
T O T A L =  

0.001 
0.100 
0.200 
0.296 
T O T A L =  

0.001 
0.075 
0.225 
0.296 
T O T A L =  

0.001 
0.075 
0.225 
0.298 
T O T A L =  

c.001 
0.025 
0.225 
0 . 2 9 8  
T O T A L =  

T A B L E  9 
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1 1 2  
6 

23  
98  

238 8 9  

1 1 2  
5 

2 3  
1 1 9  
2 5 9  108 

111 
6 

17 
1 4 4  
2 7 9  136 

111 
8 

3 8  
1 3 1  
288 1 2 1  

111 
8 

252 
4 0 9  2 4 1  

111 
13 
97 

2 3 7  
4 5 9  2 2 9  

38 

61 

5 0  

4 5  

42 

29 

28 
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